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Abstract

This paper presents a learning processanalysison stabilit y of learning in
light of iterated belief revision. We view a learning processas a sequential
belief change procedure. A learning policy is sought to guarantee every
learning processleadsto a completeknowledgeabout the world if the newly
accepted information is the true fact on the world. The policy allows an
agent to abandon the knowledge it has learned but requires a relatively
moderate attitude to new information. It is shown that if new information
is not always acceptedin an extremely skeptical attitude and the changesof
belief degreesfollow the criterion of minimal change, any learning process
for learning truth will convergeto a complete knowledgestate.

Keywords: belief revision, iterated belief change, learning process

1 In tro duction

Theoriesof belief changeaddressthe problem of how an agent revisesits beliefs
when it learnsnew information about the world. Such theorieshave beenreceived
considerableconcernin both philosophy and arti�cial intelligencepartially because
they provide formal mechanismsfor modelling the evolution of knowledgeof human
beingand the oneof knowledgebases.The work on iterated belief changehaseven
reinforcedsuch mechanismswith consideringbelief and knowledgeevolution as a
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continuous learning process1. Almost every aspect of the speci�cation of iterated
belief change,including axiomatization, semantic modelsand computational mod-
els, has been investigated in the literature. ([Spohn 1988][Boutilier 1993][Nayak
1994][Lehmann1995][Williams1995][Zhang1995][Darwiche and Pearl 1997][Kelly
1998]). However, it is largely unexplored in either belief revision or learning the-
ory literature that when the processesof sequential belief changeis reliable and
guaranteed to stabilize to true.

Formally, let � be the initial belief state of an agent and f A i g1
i=1 a sequence

of piecesof information received by the agent. A learning processover � 0 and
f A i g1

i=1 can then be speci�ed by the sequencef � i g1
i=0 , which is de�ned recursively

as follows:
� 0 = �
� i = � i � 1 � A i

where� is an iterated belief revision operator.
The main question before us is what kind of learning policy a rational agent

should hold to guarantee the reliabilit y and stabilit y of learning processes.Some
investigationstowards the problem have beendone in the literature. [Zhang el al
1997][Zhangand Foo 2001]exploredthe convergencyof beliefstatesin the settings
whenthe newly received information comesfrom an in�nite setof propositions. An
assumption,calledLimit Postulate, hasbeenmadeto guarantee that the sequence
of belief changeby the �nite subsetsof an in�nite set of propositions converges
to the belief changeby the in�nite set. [Kelly 1998]contributed a more profound
analysison the learning powers of someconcreteiterated belief revision mothods
proposedby [Spohn 1988] [Boutilier 1993] [Nayak 1994] [Goldszmidt and Pearl
1994]and [Darwiche and Pearl 1997]. Someinteresting resultshave beenobtained
through the analysisthat di�eren t learning policies (minimal change) induced by
di�eren t belief revision methods fall to di�eren t hierarchies of learning power, an
objective measureof reliabilit y of learning process.

This paper focus on the analysis of stabilit y of learning processbasedon a

exible minimal changepolicy. We shall assumethat every belief changeis reliable
in the sensethat each pieceof new information received by an agent is a true fact
about the world. We are interested in the question that what kind of learning
policy should be held by a rational agent to guarantee its belief state to lead to
a completeknowledgestate about the world. In other words, if all piecesof the
newly received information are the truth of the world, whether a learning process
convergesto a completeknowledgestate of the world. We prove that if an agent
is not extremely stubborn on its old beliefs,and updatesof epistemicstate follow
a rational procedure of minimal changes,the processof learning the truth will
convergeto the set of all the truth.

1In this sense,the meaningof learning processhereis not exactly the sameasin Learning The-
ory where learning is a processof generalization. We view learning as a procedureof knowledge
evolution
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Throughout this paper, we consider the �rst-order languageL as the object
language.L is the setof all sentencesin L . Wedenoteindividual sentencesby A, B ,
or C, and denotesetsof sentencesby �, � etc. Weshall assumethat the underlying
logic includesthe classical�rst-order logic with the standard interpretation. The
notation ` meansthe classical�rst-order derivabilit y and Cn the corresponding
closureoperator, i.e.,

A 2 Cn(�) if and only if � ` A

2 Minimal change policies of iterated belief re-
vision

AGM theory speci�es the changeof belief state by a rational agent whenthe agent
received a pieceof new information. However, it has beenpointed out by several
authors that the AGM theory is not su�cien t to specify a sequential processof
belief change due to it ignored the change of agent's epistemic state after each
changeof belief state([Spohn 1988][Boutilier 1993][Nayak 1994] [Goldszmidt and
Pearl 1994][Lehmann1995][Williams1995][Zhang1995][DarwicheandPearl 1997]).
It is true that such a update of epistemicstate is mainly determinedby the agent's
subjective estimation on its new belief state. However, some assumptionscan
still be made to demonstrate how a rational agent would change its epistemic
state. A commonassumptionin the light is that the ordering information, such as
epistemic entrenchment or strength of belief, which guide the revision operation
of agent, should be preserved as much as possible. Such an assumptionis called
minimal changeof belief degrees in light of information economics.

[Boutilier 1993] proposed a natural method of epistemic state modi�cation
basedon the idea that new information is always acceptedin the lowest degree
of epistemicentrenchment while preserves the entrenchment ordering as much as
possible.On the assumption,it was shown that

((K � A1) � � � �) � An = K � A1 ^ � � � ^ Ak ^ An

where Ak (k < n) is the most recent formula such that ((K � A1) � � � �) � Ak is
consistent with An . [Nayak 1994]and [Zhang 1995],however, took the opposite
assumptionthat the newly arrived information always takespriorit y over the ex-
isting beliefs. Basedon the assumption,it can be shown that ((K � A1) � � � �) � An

= K � (A1 ^ � � � ^ An ) if f A1; � � � ; Ang is consistent; otherwise,((K � A1) � � � �) � An

= Cn(Ak ^ � � � ^ An ) wherek is the minimum such that f Ak ; � � � ; Ang is consistent.
It is not di�cult to �nd somecounterintuitiv e examplesin both systems(see

[Darwiche and Pearl 1997]). This is becausethat the former takes an extremely
skeptical view of new information, while the latter holds the other extreme. More
deliberate approaches have proposed also to take account of agent's subjective
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estimation on its new beliefs (insert the new beliefs into the ordering of belief
state and adjust the ordering in order to satisfy the criteria of epistemicentrench-
ment[Williams 1995]). It could be expectedthat a 
exible minimal changepolicy
over belief revisionprocedures,which imposesonly looseconstraints on the change
of epistemicstate, would be able to guarantee convergencyof learning processes
even we are lack of subjective estimation on newly arrived information from the
epistemicagent.

Let us consider the situation when all the information an agent received is
always true factsabout the world. Doesthe agent's beliefstateapproach eventually
to a true understandingon the world? In other words, if � denotesall piecesof the
truth about the world, and the agent learnsthem step by step, doesthe agent will
have all the truth? It is easyto seethat this is true for Nayak's approach, but may
be failed with Boutilier's assumptionbecausein his systemwhen a new pieceof
information happensto be inconsistent with all previousbelief statesof the agent
( say the agent is extremely stubborn on sometotally wrong ideas), the agent
would give up the facts which contradict the wrong ideaseven though they could
have beenreluctantly acceptedin previous revision steps. Therefore, the road to
truth needsa moderate attitude of new information. In fact, we will prove that
if the new information is not always acceptedin an extremely skeptical attitude
and changesof belief degreesfollow the criterion of minimal changes,the process
of learning the truth will convergeto the set of all the truth.

3 Total-ordered partitions and belief revision op-
erators

A belief revision occurswhen a new pieceof information that is inconsistent with
the present belief state of an agent is addedto the state. In this process,someold
beliefswill be abandonedand others retained. Such selectionis generallyassumed
under the guidanceof someordering information, typically Spohn's plausibility on
possibleworlds and AGM's epistemicentrenchment on sentences(see[G•ardenfors
1988]). For the purposeof this paper, we will exploit a kind of ordering structure,
calledtotal-orderedpartition, introducedin [Zhangand Foo 2001],which is similar
to but weaker than the epistemicentrenchment ordering. The underlying intuition
is that an agent could organizeall its beliefs into several groups in terms of the
degreesin which it believesthem. Sentencesin the samegroup are of nearly equal
degreeof belief. All the groups are then arranged in a total ordering or a well
ordering.

De�nition 1 [Zhang and Foo 2001] Let � be a set of sentences,P a partition
of �, and < a total ordering relation on P. The triple � = (� ; P; < ) is called
a total-ordered partition(TOP) of � : If < is a well ordering on P, � is called a
well-ordered partition (WOP) of �.
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For any P 2 P and A 2 P, P is calledthe rank of A, denotedby r (A). Sentence
in lower rank is consideredwith higher degreeof belief. It is easyto seethat the
rank gives a complete pre-order on � ; so in a sensea total-ordered partition is
equivalent to the degreeof epistemicrelevancein [Nebel 1992].

When � � �, we denote� P = def � \ P.
Following [Nebel 1992], we de�ne a notation + as follows: for any set � of

sentencesand any sentenceA, � 2 � + A if and only if

� is a subsetof � and � =
S

P 2P
� P ,

wherefor any P 2 P, � P is a maximal subsetof P such that (
S

Q� P
� Q) [ f: Ag

is consistent.
In fact, � + A is just a specialization of the maximal consistent subsetfamily

� ? A ( see[G•ardenfor1988]). The lower the rank of a sentence,the morepriorit y
it is chosen.

With this notation, we could de�ne the following revision operators. Let � be
a set of sentencesand � a total-ordered partition of � :

� Belief revision of � by A:

� � 1 A =
T

(� + : A) + A;

� Belief baserevision of � by A:

� � 2 A =
T

� 2 � +: A
Cn(�) + A;

� Reconstruction of � by A: � � 3 A =

(
T

(� + : A)) [ (f Ag n Cn(
T

(� + : A))).

The operator � 1 comesfrom [Zhangand Foo 2001]2. It hasbeenproved that if
� is deductively closedand � is a nice-orderedpartition of � 3, � 1 satis�es all the
AGM's postulatesfor revision.

The operator � 2 comesfrom [Nebel 1992]. If � is deductively closed, it has
beenproved that � 2 satis�es all the AGM's postulatesfor revision but (K � 8):

The operator � 3 comesform [Zhang and Li 1998]4. The di�erences between� 2

and � 3 are:

1. � � 3 A neednot to be deductively closed;

2It is easyto show that if � is a well-ordered partition, this revision operator is equivalent to
the one in [Williams 1995].

3� is a nice-orderedpartition of � if � is a total-ordered partition of � and satis�es:
If A1; � � � ; An ` B , supf r (A1); � � � ; r (An )g � r (B ) (See[Zhang and Foo 2001])
4In the other form, if � ` A, then � � 3 A = �; if � 6`A and � 6`: A, then � � 3 A = � [ f Ag; if

� ` : A, then � � 3 A = (
T

(� + : A)) [ f Ag. For more details, see[Zhang and Li 1998]
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2. A 2 � � 3 A neednot to be true.

In this paper, we refer the revision operator � instead of in particular to some
special one but to any revision function which can be determined by a total-
ordering partition 5 and satis�es the following properties:

(A1) A 2 Cn(� � A);

(A2) � � A 2 Cn(� [ f Ag);

(A3) � � A is consistent i� 6`: A;

(A4) A `a B implies Cn(� � A) = Cn(� � B ):

where � and � � A could be non-closedset of sentences. A `a B meansthat
A ` B and B a A. It is obvious that � 1; � 2; � 3 satisfy (A1)-(A4) and any AGM
revision operator belongsto this category.

4 Minimal change of belief degree and learning
pro cess

In the processof belief revisionof an agent, beliefschangenot only in numbersbut
also in degreesof belief. In general,an epistemicagent would have an estimation
of belief degreesfor its beliefs. Such estimation in each revision will in
uence the
result of the next revision. Although belief degreemay be the agent's subjective
evaluation, a rational assumptionseemsto be that changeof belief degreeshould
be minimal in the caseof absenceof subjective information from the epistemic
agent. In other words, the ordering on the original belief state shouldbe preserved
as much as possible. As we have mentioned, such a principle is called minimal
changeof belief degree, which can be speci�ed by the following de�nition:

De�nition 2 Let � = (� ; P; < ) be a well-orderedpartition (WOP) of �, � be the
order-type of P. For any sentence A and an ordinal � , de�ne a WOP � �

A (� ) =
(� � A; P �

A ; < �
A ) of � � A as follows:

For any � < maxf � + 1; � g, let

P0
� =

�
(P� [ f Ag) \ (� � A); if � = � ;
P� \ (� � A); otherwise.

P00
� = (Cn(P0

� ) \ (� � A))n
S


 <�
P00




Let P �
A = f P

00

� : � < maxf � + 1; � gg: For any P� , P
 2 P �
A , de�ne that

P� < �
A P
 if and only if � < 


5So the outcomes in sequent sections is suitable at least for these three kinds of revision
operation.
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� �
A (� ) is called the minimal changeof belief degrees for � w.r.t. A and � .6

It is not di�cult to seethat � �
A (� ) speci�es such a well-orderedpartition that

the new piece of information A is acceptedin the degree� and the old beliefs
preserve the original ordering.

Now let's considera learning processof an epistemicagent. Suppose� 0 is the
initial belief state of the agent and � 0 is a WOP of � 0. Whenever the agent learns
a pieceof new information, its belief state will evolve into a new one. We call such
evolutionary processof belief state a learning processof the agent. More precisely,
we have the following de�nition.

De�nition 3 Let � 0 be a set of sentenceswith a WOP � 0. Let f A i gn
i=1 be a

sequenceof sentences,f � i gn
i=1 a sequenceof ordinal numbers. De�ne recursively

a sequenceof sets f � i gn
i=1 and a sequenceof well-ordered partitions f � i gn

i=1 as
follows:

i). � i = � i � 1 � A i , where the revision operation is basedon the well-ordered
partition � i � 1 of � i � 1;

ii). � i is the minimal changeof belief degreefor � i � 1 w.r.t. A i and � i .

f � i gn
i=0 is called the learning processw.r.t. f A i gn

i=1 and f � i gn
i=1 started from

� 0.

5 Convergency of learning pro cess

Suppose a learning processstarted from a consistent belief state. In stead of
arbitrary import of information, we suppose that all the information the agent
learnedare the truth or knowledgeabout the world. It is obvious that an agent is
unlikely to keepall the learnedtruth in its belief states forever even though new
information is always let in when it is being learnt and all the new information is
consistent. However, we do not intend to imposea radical policy on it to enforce
it holding all the learnedthings. We will allow an agent to abandonsometruths
it ever learned, but expect that it does not take an extremely skeptical view of
new information so that every pieceof the truth could be accepted.What we are
interestedin is whether such a moderate learning policy could promisea learning
processconverges. To this end, let us seea generalresult on the convergencyof
learning process.

Theorem 1 Let M be a model of L . � M = f A 2 L : M j= Ag. � 0 is a set of sen-
tenceswith a WOP � 0. For any sequence of ordinals f � i g1

i=1 and an enumeration

6We do not consider the casethat A 2 �. In this case,a rational restriction is the ordering
keepsunchanged.
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f A i g1
i=1 of � M . If f � i g1

i=1 is a learning processw.r.t. f A i g1
i=1 and f � i g1

i =1 started
from � 0, then

lim
n!1

Cn(� n ) � � M � lim
n!1

Cn(� n ) (1)

specially, if � 0 n � M is �nite, then

lim
n!1

Cn(� n ) = � M (2)

Pro of: First it is easyto seethat for any i > 0, � i is consistent becauseA i is
consistent.

(a). Supposethat A 2 � M . For there are in�nite sentencesin � M being equiva-
lent to A, let these sentencesform a subsequencef Ak j g

1
j =1 of f A i g1

i =1 . By the
construction of learning process, for any j � 1, we have Ak j 2 Cn(� k j ), or
A 2 Cn(� k j ), which meansA 2 lim

n!1
Cn(� n ). Thus � M � lim

n!1
Cn(� n ).

(b). Suppose that A 2 lim
n!1

Cn(� n ). Then there is a number n0 such that

A 2 Cn(� n ) for any n � n0. If A 62� M , then : A 2 � M . By the proof of (a), there
is a subsequencef Ak j g

1
j =1 of f A i g1

i=1 such that Ak j `a : A and Ak j 2 Cn(� k j )
for any j � 1. Thus there exists kj 0 � n0 such that : A 2 Cn(� k j 0

). But A 2
Cn(� k j 0

), which contradicts to the consistencyof � k j 0
. Thus A 2 � M , that is,

lim
n!1

Cn(� n ) � � M .

(c). If � 0 n � M is �nite. Let � 0 n � M = f B0; � � � ; Bmg. Then f: B0; � � � ; : Bmg
� � M . Therefore there exists n0 such that An0 `a : B0 ^ � � � ^ : Bm . By the
properties of belief revision and the de�nition of learning process,An0 2 Cn(� n0 ).
Because� n0 � � 0 [ � M and � n0 is consistent, we have � n0 � � M . Then, by the de�-
nitions of learning processand revision,we concludethat f � ng1

n= n0
is a monotonic

increasingsequence,which meansf Cn(� n )g1
n=0 converges.Therefore,equation(1)

implies (2). �

In this theorem,M acts asan ideal model in which every satis�ed statement is
truth. This theoremthen shows that any learning processstarted from a �nite set
will convergeno matter how new information is accepted. This result, however,
can not be generalizedto the casethat the starting point is an in�nite set. In fact,
a learning processwould divergeeven though new information is always contained
in the new belief state, and all the new information is consistent.

We considerthat the following additional assumptionis rational:
1. The new information is not always acceptedwith the extremely skeptical

attitude and any new information has opportunit y to be acceptedwith relative
high degreesof belief.

2. When a piece of information is acceptedseveral times, its relative belief
degreesin the learning processshould not decrease.

Under this consideration,we give the following de�nition of rational learning
processes:
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De�nition 4 Supposethe de�nitions of M , � M and � 0 as Theorem 1. f A i gi =1

numeratesthe set � M and f � i g1
i=1 is a sequenceof natural numbers. f � i g1

i=1 is a
learning processw.r.t. f A i g1

i=1 and f � i g1
i=1 started from � 0 and f � i g1

i=0 is a WOP
of f � i g1

i=0 . If the following conditions hold:

i). For any A 2 � M , there exists number n0 such that An0 `a A and f B 2
� n0 nCn(� ) : r � n 0 (B ) � r � n 0 (An0 )g is a �nite set7;

ii). For any i; j � 1, if i < j and A i `a A j ,

8B 2 � i \ � j (r � j (B ) � r � j (A j ) ! r � i (B ) � r � i (A j ))

Then f � i g1
i=1 is calleda rational learning processw.r.t. f A i g1

i=1 and f � i g1
i=1 started

from � 0.

Condition i) meansany new information has opportunit y to be acceptedin a
relatively high belief degree(the number of sentenceswhich are not a tautology
and their degreesof belief are not lower than this pieceof information is �nite).
Condition ii) shows that when a pieceof information is learnedmore than once,
the relative belief degreein which it is acceptedshould not be lower than thoseat
last times. Then we have

Theorem 2 Any rational learning processconvergesand

lim
n!1

Cn(� n ) = � M

Pro of: We split the proof into the following three steps:
(a). We prove that for any A 2 � M , there is a natural number N such that

AN `a A and f B 2 � N nCn(� ) : r � N (B ) � r � N (AN )g � � M .
In fact, the condition i) implies that there exists n0 such that An0 `a A and

� = f B 2 � n0 nCn(� ) : r � n 0 (B ) � r � n 0 (An0 )g is �nite. If � n � M is empty, or
� � � M , the proof is ready provided let N = n0. For the casethat � n � M is
nonempty, let � n � M = f C1; � � � ; Cmg, then : C1 ^ � � � ^ : Cm 2 � M , thus there is a
number n1 � n0 such that An1 `a : C1 ^ � � � ^ : Cm . According to the construction
of learning process,An1 2 Cn(� n1 ). Since� n1 is consistent, (� n � M ) \ � n1 = � .
On the other hand, again by the construction of learning process,the sequence
f � n n � M g1

n=0 decreasesmonotonically, therefore,

8n � n1((� n � M ) \ � n = � ) (3)

Sincethere are in�nite sentencesin � M which are logically equivalent to A, there
existsa number N � n1 such that AN `a A. Let � 0 = f B 2 � N nCn(� ) : r � N (B ) �
r � N (AN )g. With the condition ii) of the rational learning process,we obtain that

� 0n � M � � n � M

7r � (A) denotesthe rank of A under the partition �.
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By the expression(3), we have (� n � M ) \ � N = � , thus (� 0n � M ) \ � N = � . Note
that � 0 � � N , so � 0n � M = � , that is, � 0 � � M .

(b). Assumethat A 2 � M . By (a), there exists a natural number N such that
AN `a A and � = f B 2 � N nCn(� ) : r � N (B ) � r � N (AN )g � � M . Hence� [ f Ang
is consistent for any n � N . According to the construction of learning process,
� � � n . Specially, AN 2 � n , or A 2 Cn(� n ). Thus A 2 lim

n!1
Cn(� n ). So we have

� M � lim
n!1

Cn(� n ).

(c). Suppose that A 2 lim
n!1

Cn(� n ). If A 62� M , : A 2 � M . By (b), : A 2

lim
n!1

Cn(� n ). Thus there is a number n0 such that A ^ : A 2 Cn(� n0 ), which

contradicts to the consistencyof � n0 . Therefore, lim
n!1

Cn(� n ) � � M . �

This theorem says that if all the information an agent acceptedis the truth
about the world, its belief state will convergeto the set of all piecesof the truth
provided its learningprocessis rational. Note that the criterion of minimal changes
of belief degreeand the rationalit y of learning processesare su�cien t but not
necessaryfor the convergencyof learning processes.It is not di�cult to entail
somemore looseconditions of the convergencyfrom the proof of the theorem.

6 Conclusion

We have investigated a learning policy to accept new information for a rational
epistemicagent. Such a policy allows an agent to abandonthe knowledgeit has
learnedbut requiresa relatively moderate attitude to new information. We have
proved that if the newinformation is not always acceptedin an extremelyskeptical
attitude and changesof belief degreesfollow the criterion of minimal changes,the
processof learning the truth convergesto the set of all the truth.

There have been several works on the analysis of learning processby apply-
ing belief revision methods. [Eric Martin and Osherson2000]o�ered a model of
inductive inquiry on the basisof belief revision operation. [Kelly 1998]presented
an approach to analyze the reliabilit y of learning processbasedon the existing
iterated belief revision operators. Di�eren t from Kelly's, our analysis on learn-
ing processdoesnot depend on any particular iterated belief changeoperator. In
fact, our assumption on the changeof epistemic state is the loosestone among
the assumptionsof the existing iterated belief revision operations. However, our
assumptionis not a necessarycondition to guarantee the convergencyof learning
process. It is left open how to �nd a su�cien t and necessarycondition for the
convergencyof learning process.
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