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Abstract

As a cortribution to the metatheory of reasoning about actions, we
presert somecharacteristics of the consistencyof action theories. Three lev-
els of consistencyare investigated for the evaluation of action descriptions:
uniform consistency consistencyof formulas and regional consistency The
rst two provide an intuitiv e resolution of problems of explanation con icts
and uent dependency The concept of regional consistencyprovides for a
measureof rami cation. A highly expressiwe form of action descriptions, the
normal form, is intro ducedto facilitate this analysis. The relativ e satis abil-
ity of the situation calculusis generalizedto accommalate non-deterministic
e ects and rami cations.

1 Intro duction

The metatheory of logical frameworks for reasoningabout actions has received
justi ed attention in recen times[12 15,10, 21, 18]. Thesestudieshave helpedto
establish a systematic methodology for the evaluation of the various frameworks
proposedfor reasoningabout action. An important baselineproperty for all formal
systemsis consistency In reasoningabout actions, an accurateand consistern ac-
tion descriptionis crucial sinceproblemsin the action descriptioninfect all further
reasoningabout the dynamic domain it descrikes. We show that the issuesraised
in the consistencyanalysis of action descriptionsare signi cant and interesting.



The consistencyof both the logical systemitself and the action description of the
dynamic domain needsto be evaluated. Incorrect, incompleteand inconsistert ac-
tion descriptionscan be detectedand recti ed, leadingto a better understanding
of the dynamic domain and a better formalization of the problem.

Sinceconsistencyof a formal systemis de ned in terms of the assaiated de-
ductive system and its properties require semaric consideration, a sound and
completelogic of action would be most helpful in consistencyanalysis. With this
in mind, we exploit an extended propositional dynamic logic, EPDL [24]. This
systemo ers a uni ed treatment of reasoningabout direct and indirect e ects of
actions, thus enabling a represemation of action e ects and causalrami cations.
We introduce techniquesfor consistencyanalysisof action descriptionsin EPDL
frameworks. Three di erent levels of consistencyare provided: uniform consis-
tency of action descriptions, -consistencyof formulas and regional consistencyof
action descriptions. Uniform consistencyconveysinformation about what kinds of
action descriptionsguarartee proper runs of a dynamic system. -consistency of
formulas informs us of which situations a dynamic systemcan start up from and
run properly. It alsosenesasatool with which to detectincorrect and inadequate
action descriptions. The conceptof regional consistencyprovides for a measureof
rami cation. Addressingthe issueof consistencyof action descriptions provides
an alternative approad to thinking about classicalproblemsin reasoningabout
action.!

2 EPDL Preliminaries

We summarizesomebasicfacts of the extendedpropositional dynamiclogic(EPDL)
(see[24] for moredetails). In propositional dynamic logic (PDL), a causalrelation
betweenan action  (primitiv e or compound) and a property A is expressedoy
the modal formula: [ JA, meaning\ (always) causesA if is feasible". For
example,[Turn_of f ]: light saysthat \turning o the switch causeghe light to be
0 ". The dual operator h iA; reads\ is feasibleand may (or possibly) cause(s)
A to betrue". For instance,hSpini: loadedsays that \spinning a gun barrel may
causeit to be unloaded™ h i> means\ s feasibleor executable". In EPDL,
propositions are allowed as modalities. The formula [ ]JA; termed propositional
causation represems a cause-e ectrelationship betweenthe proposition' andthe
formula A and is read as\' causes A". For example, [short -cir cuit]damaged
s&ys that \short-circuits causethe circuit to be damaged".

A languageLepp. Of EPDL consistsof a setFlu of uent symbols and a set
Act p of primitiv e action symbols. Propositions (" 2 Pro), formulas (A 2 Fma)
and actions( 2 Act ) are de ned by the following BNF rules:

Due to space limitation, we omitted proofs of Theorems. See
\h ttp://www.cit.u ws.edu.au/ dongmo/PRICAIO2 _full.pdf* for a full version of the paper.



. )1 2
A jcAJALD AT AT TA
c=aj o1 o2 1l 2] JA?

wheref 2 Flu anda 2 Act p.

The de nitions of > (true ), ? (false), _,~, $ areasusual. A literal isa uent
or its negation. The set of all the literals is denotedby Flu .. We introduce the
following notation:

H JiA =g hi> ~[ JA; meaning\ must causeA";

A =gt hi> ! hiA meaning\if is feasible, may causeA".?

The sematics for Lgpp, is similar to PDL. Sincethe propositional modality
[' ]istreated asa normal modal operator, the semaric conditionsfor propositional
modalities are exactly the sameas action modalities exceptfor the following extra
conditions:

1.IfFMFy ', then(w;w) 2 R .

2.f ' $ ,thenR =R .

The axiom systemfor EPDL extendsPDL [8] by one axiom:

CW axiom:['JA! (! A)
and oneinferencerule:

CE: From' $ infer[ JA$ [ ]A

The classicalK axiom and inferencerule N (necessitation) are respectively
extendedto accommalate propositional modalities:

EK axiom: [ J(A! B)! ([ ]JA! [ ]B)

EN: From A infer [ ]A:
where'; 2 Pro, A2 Fma and 2 Pro [ Act.

A formula A is provablefrom a set of formulas, denotedby ~ A, if there
existA;;  ;An 2 sudthat & (A" NAR) ! A, s consistentin EPDL
if 67.

3 Action descriptions and their normal forms

EPDL providesaformal languagevia action descriptionsto descrike the behavior
and internal relationships of a dynamic system. These specify the e ects and
feasibility of actions, causalrami cations and other domain constrairts.

Example 1 Considerthe YaleShooting Problem[9]. Let Flu = falive, loadedwalkingg
and Act p = fLoad, Shoot, Waitg. This problem canbe speci ed by the following
action description:

2Note that thesetwo operators are dual, i.e., A= :h[ ]ii A.



. loaded! [Load]loaded

loaded! [Shoot]: alive

= _ loaded! [Shoot]: loaded [
E [: alive]: walking

hLoadi> ; hwaiti> ; hiShooti>

= WW INAY/ ©

Formulas in an action description are signi cantly di erent from ordinary for-
mulas. For instance, the sertence\loaded! [Shoof]: alive" says that whenewer
loadedis true, Shoot causes: alive. In the languageof situation calculus, this
is written as 8s(loadeds) ! : alive(do(Shoot;s))). Indeed, we needto view the
action description of a dynamic domain as a set of extra axioms (domain axioms
in the situation calculus[2Q]) rather than an ordinary set of formulasin reasoning
about the domain.

Denition 1 [24] Let be an action description. A formula A is -provable,
written as = A, if it belongsto the least set of formulas which contains all the
theoremsof EPDL; all elementsof ; andis close&l under ModusPonensand EN.

If is asetof formulas,then ~ A meansthere existsA;, ,A, 2 sud
that = (A~ ~A)! A

Example 2 Considerthe action descriptionin Example 1. We can easily prove
that

1. : loaded" [Load; Shoof]: alive

2. : loaded” [Load; Shoof]: walking

3. HLoad;Wait; if : loaded® do Load endif ; Shoot]i: alive
|

Note that the action descriptionin Example 1 doesnot completely specify the
domain sinceit doesnot include information about una ected uents. Without
frame axioms we can neither prove nor refute the very intuitiv e relation:

: loaded”™ [Load;W ait;Shoof]: alive.

A solution to the frame problem then, is necessaryfor reasoningwith sud
incomplete action descriptions.

Let bean action description. A model M of EPDL isa -modelif M F B
forany B 2 . It canbe provedthat if is nite, then A is -provablei A is
valid in every -model [24].

3.1 Normal action descriptions

An action descriptioncanbe any setof formulasin the EPDL language.Howewer,
in most casesne preferthe simplenormal form in orderto obtain better properties
and more corveniert treatment. The following kinds of formulas are said to be in
normal form:



[a]L (deterministic action law)
a L (non-deterministic action law)
hai> (quali cation law).

where' is a propositional formula, L is a literal and a is a primitiv e action.

An action description is normal if ead formula in  is in normal form. It
is easyto seethat the action descriptionsin Example 1, 3, 5 and 7 are normal.
Action description ; in Example 6 is normal but , is not.

Although the normal form is restricted, it is quite expressie. It can express
direct or indirect, deterministic or non-deterministic e ects of actions, and quali -
cations of actions. Most normal forms in other action theoriescan be transformed
into EPDL normal form (propositional caseonly). For instance, action descrip-
tions written in the form of pre-condition axioms and successosstate axioms in
the propositional situation calculus language(i.e., there are no sorts object and
function symbols in the language[2(]) can be translated into the EPDL normal
form by the following procedure:

1. For ead pre-condition axiom Posgqa;s) ' (s); the asswiated laws are:

"l ohai>, ! [@f,: ! [a) f

wheref canbeany uent symbol (choosingone).

2. For eat successostate axiom f (do( ;s)) ' ( ;s), where is an action
variable, the assiated laws are:

“oJa)f, st [a)n f

where is instantiated by ead primitiv e action a:

Most componerts of action languageg6] can alsobe expressecdby EPDL nor-

[' IL (causallaw)
bl

!

I

mal form. For example,\a causes L if ' " in the action languageA can be
translatedto \' ! [a]L"; a static law \caused L if ' " in the languageC s trans-
lated to \[' ]L"; and an expression\a may cause L if ' " in Cis translated to
\' ! a L". The sametranslation procedurewill work for action descriptions
in STRIPS [3].

4 Consistency of Action Descriptions

As noted above, an action description acts as an axiomatic speci cation of a dy-
namic systemhighlighting the importance of consistency We now considerthree
di erent levels of consistency: consistencyof formulas consistencyof action de-
scriptions and consistency of formulas with action descriptions Ead of these
corveysdi erent information about the dynamic systemunder consideration.

4.1 Uniform consistency of action descriptions

As de ned above, a set of formulas is consisten if 6 ?. Sematnically, it
meansthat there is a model in which is satis ed in someworld. As far asthe



consistencyof an action description is concerned however, ordinary consistencyis
not enoughto guarartee that a dynamic systemruns properly. As a setof domain
axioms, an action description should be consistert with any possibleevolution of
the dynamic systemunder any combination of actions. With this in mind, we
de ne the consistencyof action descriptionsas follows:

Denition 2 Let beasetofformulas. is uniformly consistentif 6° ?.
By the soundnessaand completenesof -pro vability [24], we have
Theorem 1 is uniformly consistentif and only if there existsa -maodel.

Obviously, uniform consistencyimplies ordinary consistency The following
highlights the di erence betweenthe two.

Example 3 Let Flu = ffy;f,;f3g and Act = fag: = fhai>, [a]f1, [a]f 2,
fi! [alfs; f2! [a]: f30: Then s consistem but not uniformly so. =

By the nite model property of EPDL, the uniform consistencyof an action
description is decidable. Howeer, satis ability in EPDL is EXPTIM E-hard.
So deciding the consistencyof action descriptionsis, in general,intractable. Can
we put any syntactical restrictions on action descriptions, say normal form, to
make it easier? Is any action description in normal form uniformly consisten?
Unfortunately, Example 3 shows that this is not true. Further assumptionsare
necessary

Let beanormal action description. For any uent f andany primitiv e action
a, if we mergethe action laws about a and f (: f) in ead form together, there are
at most v elaws about aandf in :

"1 hai>
' 1.1 ! [a]f , ' 1;2 ! [a]: f
'2;1! a :f,lz;z! a f
If ', 17and’ 1., aretrue simultaneously then the action description will cortain
a cortradiction. Similarly for ', " q;; and' »; (j = 1orj = 2). For simplicity, we
make the following assumption.
Assumption 1: " " _:'qp_tqpand” it iyt (=1 2).

If somelaw is absen, say ' ;1! [a]f, weuse? ! [a]f instead. Note that if '
is a proposition, then * * in EPDL if andonly if ' is a tautology in the classical
propositional logic.

The assumption 1 only acts on action laws. Similar assumptionscould be
also made about causallaws. An e ect of an action can be either a direct e ect
(causedby an action) or an indirect e ect (causedby other propositions). In most
casegqbut not all), we canseparatethe indirectly a ected uents from the directly
a ected ones[11]].



Assumption 2: Thereis a partition fFlu 4;Flu ;g of Flu suchthat Flu = Flu 4[
Flu; and

1. for eachf 2 Fluj, if both [' {Jf and[ ,]: f arein ,then” :'; :',.

2. for eachcausallaw [' L, all the uents in ' are from Flu 4 and L is a literal
in Flu;;

The rst condition of the assumptionis similar to the assumption1. The
secondcondition is intended to avoid recursiwe indirect e ects of actions. For the
sale of simplicity, we only allow two layersof causalpropagation(asin [11]). More
complicated casescan be investigatedby using the approad in [2].

De nition 3 A normal action descriptionis safeif it is satis es the Assumptions
1 and 2.

It is easyto seethat the action descriptionsin Example 1 and 5 are safebut 3 and
7 are not. An interesting obsenation is any action description which is translated
from an action descriptionin the propositional situation calculusis innately safe.

Prop osition 1 If is an action description genented by the procedure in Section
3.1 from a set of precondition axioms and suwessor state axiomsin the proposi-
tional situation calculus,then is safe.

The following theoremis one of the main resultsin the paper.

Theorem 2 Let be a normal action description. If it is safethen is uniformly
consistent.

This theorem givesus a su cien t condition to ched the consistencyof an action

description by using only propositional logic and the syntax of the action descrip-
tion. Thereforeif an action description is written in normal form the consistency
cheding of the action description becomesa co-NP problem. Specially, asa corol-
lary of the theoremand Proposition 1, an action descriptionis innately uniformly

consisten if it is written as a set of precondition axioms and successostate ax-

ioms. Note that pre-condition axioms and successostate axiomsin propositional

situation calculuslanguageare much lessexpressie than normal form.

4.2 -consistency of form ulas

As de ned, a setof formulasis consisten if a cortradiction cannotbe derived from
it. More precisely its consistencymeansthat it is consistem with the basicaxioms
and inferencerules of EPDL, which doesnot guarartee that it is consister with
arbitrary action descriptions.

Let be an action description. A set of formulasis - consistentif 6
?. It is easyto seethat -consistency of requiresthe consistencyof , the
uniform consistencyof , and evenmore. For example,floaded;: alive;walkingg
is consisten, but not -consistent, where is the action descriptionin Example
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1, which is uniformly consisten. -consistency of a set of formulas corveys the
information that a dynamic systemcan properly run from an initial situation as
speci ed by the formulas. More interestingly, we notice that in classicallogic, a
set's inconsistencyis due to the set itself if the deductive system of the logic is
consisten. -inconsistency of a set, is howewer, dueto both the setand the action
description. If the set consistsof obsened facts, the inconsistencymust lie in
the action description. This provides us with a formal tool to detect incorrect or
inadequateaction descriptions.

Example 4 Considerthe Yale shooting scenariowith a new action Entice and
add the following action law and quali cation law (c.f. [23)):

- walking ! [Entice]walking
- alive! [Entice]: alive
hE nticei>

Putting thesetogether with the action description in Example 1 generatesa
new action description ° Then Cis still safeand souniformly consisten. Note
that the setf. alive, : walkinggis %inconsisten. m

We caneasilyseethat thereis no any problemwith the setf: alive, : walkingg
(thesecan be obsenedfacts). The problem herecanonly lie in the action descrip-
tion and speci cally, in the newly introducedaction laws. Indeed, the quali cation
law hE nticei> is problematic. A correct description of the quali cation of Entice
would be: alive! HhEnticei>. We might be tempted to think that this consis-
tency ched providesa solution to the quali cation problem: we can automatically
generatequali cation laws from a given action description by default reasoningin-
stead of explicitly listing them in the action description. Unfortunately, this does
not always work.

Example 5 Considerthe following circuit introduced by [23] and its action de-
scription:

SWe

cswi ! [Toggle]sw
sw; ! [Togole]: sw; light
hT ogole i> §

i=12 '

S [swy; N sw,] light N
% [ swy _ : sws]: light % »

The rst sertencesays that switch 1 and switch 2 being closedcauseghe light
to be on. The secondsays that one of the switchesbeing open causeshe light to
beo. :sw ! [Toggle]sw; meansthat if switch i is open, then toggling switch i
causedt to be on. Supposenow that we have an action Hit _the_Bulb. The action
laws about the action are:



light! [Hit_the_Bulb: light

hH it _the Bulbi>
Adding these as well as the frame axioms sw; ! [Hit_the Bulbjsw; and
sw, | [Hit_theBullsw, to , results in an action description, © which is

uniformly consisten. Notice that fswy;sw,;lightgis %inconsisten, which is ob-
viously unacceptable.m

In this casejt is not reasonabldéo changethe quali cation law hH it the Bulbi>
into: sw;_: sw,! HHit_the Bulb> . The problemis now in the causallaw [sw; "
sw-]light. Weterm this the quali cation problemof e ect propagation (for a similar
discussionsee[14]). The examplesabove have shovn that consistencycheds can
help us detect incorrect action descriptions. The Stolen Car Problem [22] shows
that -inconsistency can be due to the inadegquacyof the action description.

Exampleg 6 Considerthe following actioydescription:
< in_park! [Wait]in park =

1= in_park! [Wait]: in_park

W aiti> '

1 S&s that waiting doesnot a ect the state of a parked car. It is easyto see
that fin_park;[Wait] : in_parkg is i-inconsistet. Howewer, the obsened facts
are exactly that originally the car was parked (in _park) and that it is not there
after a period of time ([Wait]: in _park). m

The problem here is that the agert with this action description has no idea
about car's theft: presumably it should realize that leaving a car alone might
causeit to be stolen( Wait stolen). A car's theft meansthat it had been
parked somewhere but disappeared after a period of time. (in_park ! [Wait]
(1 in_park$ stolen)). Sothe correct action descrigtion should be:

< Wait stolen =
»= in_park! [Wait](: inpark $ stolen)
" hWaiti> ’
wherestolen is a uent. Then we have an explanation for the obsened facts:
fin_park;[Wait]: in _parkg = 2 [Wait]stolen.

We would like to remark that consistencycheding can help us detect the
incorrectnessand inadequacyof an action description but it can not remedy the
action description becausethey are actually two typesof problems.

The following theoremis quite usefulin the diagnosisof -consistency:

Theorem 3 Let be a normal and safe action description. Let D() = f' !
L:[JL 2 g Foranyset ofpropositional formulas,if [ D() is consistent,
then is -consistent.

Therefore, we can che& the -consistency of a set of propositional formulas
using propositional logic (the complexity of which isin NP [ coNP).

10



Let us comparethe result above with a similar meta-theoremin the situation
calculus[18]. Supposethat consistsof pre-condition axiomsand successostate
axioms,and consistsofinitial state axiomsasin the situation calculus. According
to Theorem3 and Proposition 1, is -consistent if and only if is consisten in
propositional logic (note that D() isempty here). This coincideswith the Relative
Satis ability theorem (Theorem 1 in [1§]), which says that an action theory D is
satis able i the initial state axioms and unique name axioms are satis able. In
other words, the foundational axioms, pre-condition axioms and successoistate
axioms cannot introduceinconsistency Sincethe situation calculusin [18 applies
to only domainswithout non-deterministic actions and rami cations, Theorem 3
can be viewed as a generalizationof the Relative Satis ability theoren?.

4.3 Regional consistency of action descriptions

Rami cation in dynamic systemsarisesas a consequencef uent dependencies.
The following notion of consistencyprovides for a meansof assessinghe uent
dependenciegresert in a system.

De nition 4 Let be an action description and U be a subsetof Flu . is
regionally consistent over U if any interpretation | of U is -consistent®. IS
universally consisten if it is regionally consisten over Flu .

Regional consistencyof action descriptionsre ects local independenceof u-
ens. In otherwords,if isregionally consisten over U, any changeof truth-v alue
of uents in U doesnot a ect eadh other (but doesa ect the uents outside U).
This information is computationally important becauseoncethe value of a uent
in U is changed,only the uents outside U needto be revaluated (see[7]).

Example 7 Considerthe circuit introduced by [23 and descriked with the fol-
lowing simpli ed action description

8 9
cswi ! [Togole]sw;
% sw; ! [Togole]: sw; % SWe  sw

[swy ™ sws] light
= [ swi_ : sws]: light ®nght
[swy N swz]: sw, swa
% hT ool e i> J—
=123 '

3There are extendedversionsof situation calculusin the literature [16, 13] which candealwith
non-deterministic or indirect e ects of actions expressedby successorstate axioms. Howewer,
Relative Satis abilit y is not necessarilytrue in the extended frameworks without introducing
extra restrictions on action descriptions.

4An interpretation |1 of U meansa maximal consistent set of literals over U

11



Then isregionally consisten over f swy; swsg, but not over f swy; Sw,; swsg or
any supersets. This implies Switch 1 and Switch 3 canbe cortrolled independerly,
but Switch 2 cannot. Soif we take an action toggle;, only those facts which are
relevant to the direct e ect (sw;) and the indirect e ects (sw, and light) needto
be revaluated (sws can be ignored). m

Regional consistencyacts also as a measure of rami cation. The larger the
consisten areaof an action description, the lessrami cation it has. If an action
descriptionis universally consisten, there is no rami cation between uents.

Prop osition 2 Let be a normal and safe action description. fFlu 4; Flu ;g is
a partition of Flu which satis es Assumption 2 of safety. Then is reginally
consistent over Flu 4. If there are no causal lawsin , then is universaly
consistent.

As noted previously, any action description which is translated from a set of
pre-condition axioms and successorstate axioms in the propositional situation
calculusis universally consisten. This explains why the solution for the frame
problemin [20] appliesonly to actionswithout rami cations.

The idea of regional consistencyis closeto the one of framesin the space of
situationg[11]. A frame is a set of uents which are directly a ected by actions.
With the concept,the valuesof the frame uents can be speci ed by e ect axioms
and the law of inertia while the values of non-frame uents are determined by
domain constrairts or causallaws. It has beenremarked in [1]] that a frame be
neither too large nor too small. Howewer, it is not clear that what kind of sets
of uents are qualied to be a frame. For the caseof normal and safe action
descriptions, it is obvious that Flu 4 is a \quali ed” frame. For the generalcase,
it is still an open problem. We beliewe that regional consistencyis helpful towards
a solution to the problem.

5 Conclusion

In this study we have investigatedthe characteristics of the consistencyof action
theory. Three levels of consistencywere introduced for the ewvaluation of action
descriptions. These provide an intuitiv e resolution of problems of explanation
conicts, uent dependencyand a measureof rami cation. The highly expressie
normal form of action descriptions greatly facilitates sud an analysis. Se\eral
meta-theoremson the consistencyof normal action descriptionshave beengiven
which shav how to generatea consisten action description and how to ched
the consistencyof normal action descriptions. Our results generalizethe Relative
Satis abilit y Theoremin the situation calculusto allow non-deterministic e ects
of actions and rami cations. Although our approad is basedon the extended
propositional dynamic logic (for its uni ed expressionof direct and indirect e ects

12



of actions and its sound and complete deductive system), all the results on the
consistencyof action descriptionsare applicableto other formalismsof actionssince
the expressionf action descriptionsare often intertranslatable. The application
of these techniquesalso leadsto new insights on classicalproblemsin reasoning
about actions.
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