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Abstract No matter how much divergency these frameworks have
made it has been generally accepted that belief change
In this paper we investigate the properties of iterated mghould not be considered as a purely set-theoretical
tiple belief revision. We examine several typical assumghange of belief sets but an evolution of epistemic states,
tions for iterated revision operations with an ontologwhich encapsulate beliefs with the information of firm-
where an agent assigns ordinals to beliefs, representiRgs of beliefs. The change of epistemic states involves
strength or firmness of beliefs. A notion of minimahot only the change on belief set but also the change on
change is introduced to express the idea that if no ewiderings over the belief set. Whenever a belief set is re-
dence to show how a belief set should be reordered aftafied by new information, the ordering of the belief set
is revised, the changes on the ordering should be minimgiould also change to accommodate the new information.
It has been shown that under the assumption of mininfe further revision will be based on the new ordering.
change, the multiple version of Darwiche and Pearl's popherefore the posterior revision operation is normally not
tulate (C1) holds no matter in what degree new informgfentical with the prior operation. This idea has been ex-
tion is accepted. Moreover, under the same assumptiplicitly expressed by Nayakt al. in [14] by using a sub-
Boutilier's postulateC'B) holds if and only if new infor- scription to differentiate two steps revision. For instance,

mation is always accepted in the lowest degree of firmnggsi ) and(C2) can be restated in the following form:
while Nayaket als postulate(C'N) holds if and only if

new information is always accepted in the highest degré€’l’) If B+ A, then(K « A) x4 B = K x B.
These_resu_lts provide an ont(_)logical bas_e for _analyzip@Q,) If B —A, then(K = A) x4 B = K * B.X
the rationality of postulates of iterated belief revision.
Keywords: iterated belief revision, multiple belief rewe remark that this change is significant since the postu-
vision, belief revision lates will no long lay restrictions on single step revisions
but to specify the relationship between the first step re-
. vision and the second step revision. In fact, it has been
1 Introduction shown in [14] that(C1’) and (C?2’) are consistent with

) . ) ) ) . AGM postulates. Therefore we can use these additional
Iterated belief revision has been intensively |nvest|gatﬁ stulates to extend the AGM framework without revis-

in the community of belief revision[2][5][9][10][13][17].  the AGM postulates. Moreover, Nayakal. in [14]
The major concern in the research is the reducibility 8(/en showed th4C'1) can be strengthened further by the

iterated revisions to single step revisions. Boutilier %Ilowing postulate without loss of consistency:
[2] proposed an assumption to capture the relationship, '

named(C B) by Darwiche and Pearl in [4]: (CN) If ANBY/L,then(K « A) x4 B= K *(AA B).

(CB) if K« AF -B,then(K x A)« B=K B Most of the research in iterated revision based on single

Darwiche and Pearl in [4] argued th&E'B) would be belief revision, that is, the new mformatlo_n is rep_rese_nted
) bLy a single sentence. It is even more interesting if we
overcommitted and could be weakened and enhanced . ) ; . . .
elsewhere with the following assumptions: consider the problem in the setting of multiple belief revi-
’ sion. By using the notation introduced in [22] and Nayak
(C1) If B A, then(K x A) x B= K  B. et al's notation, all the above postulates can be restated in

the following form:
(C2) If B+ A, then(K « A) « B =K « B.

(C3) If Ac K + B, thenA € (K * A) x B. (@C1) (K@ F)on (FLUR)=Ke ([ UR)

(®C2) If F;UF;, isinconsistent, the(K @ F)®p, Fs =
K ® F;.

It was shown by Freud and Lehmann (see [10]), how:

ever, that these postulates do not go well with AG\@I\;I?C?’) 5 C K@ By theny € (K@ F) @p B

framework: (C2) is inconsistent with AGM postulates(®C4) If F; U (K ® Fy) is consistent, thel; U (K ®

Nevertheless, Darwiche and Pearl argued in [5] that the F}) ® F3) is consistent.

original AGM postulates should be weakened in order to o .

accommodate the additional postulates for iterated refRCB) If F» U (K © F1) is inconsistent, thefK ©

sion. More other iterated belief revision frameworks have 1) ©@r F2 = K @ F.

been also proposed in the last few years, reflecting dif-1, [14] an extra conditiony -4 is added to avoid the treatment of
ferent philosophy of iterated belief revision[9][10][14]inconsistent belief set.

(C4) If mA ¢ K « B,then-A & (K x A) x B.




(CN) If Fy U F; is consistent{ K ® F) ®@p, F» = AeCn(T)ifandonlyifT' - A
K®(F U R) A setK of sentences is a belief setlif = Cn(K).

Surprisingly, the extension does not increase the com-
plexity of these postulates. Contrarily, they become ma  Preliminaries in Multiple Belief
readable. For instancé®C1) expresses the assump- . .
tion thatif the second revision confirms all the infor- Revision
mation contained in the first one, the first revision i
superfluouglL0]. . . ; .
One question is to be answered that whether these p\ggl_on. Zhang and Foo in [22] introduced a version of

. . . . Itipl lief revision, call revisionwhich allow
tulates are consistent with the multiple version of AG Ultiple belief revision, calledet revisior, ch allows

g . . . % revise a belief set by any set of sentence or another be-
postulates, especially with the Limit Postulate |ntroduc¢ﬁef set. Nine postulates were proposed. Among them the
by Zhanget. al. in [19]. Another question, which is : :

more important, that what are the underlying ontology prst eight postulates are the direct generalization of the

o .
use these postulates. As Friedman and Halpern poin?%ﬁomated AGM ones(also see [12][13]). The last one,
out in [6] that there has been too much attention paid &10[

I§irstly, let’s review the basic concepts in mutual belief re-

edLimit Postulate deals with the compactness of infi-

ite belief revision [22], which says that a revision by an

postulates and no_t enough_ to the u_nde_rlylng OntOIOE?Mfinite belief set can be approached by the revisions of
We need to make it clear that what situation an agemftha_belief set with its finite subsets
e '

revises her epistemic states in the way that we speci ormally, letkC be the set of all belief sets. A function

by these postulates ® is called aset revision functioif it satisfies the follow-

. . ing postulates:
In this paper we exploit an ontology where an agent

assigns an ordinal to each of her belief, representing fltel) K @ F' = Cn(K ® F).
stren_gt_h or firmness of the_bel?eﬂNe introdu_ce a notion g®2) FCK®F.
of minimal change of belief degrees, which expresses
the idea that if no evidence to show that how a beliék3) K @ F C K + F.
set should be ordered after it is revised, the change 0f4) If FU K is consistent, thel — F C K @ F
the ordering on the belief set should be minimal. ' = ’
show that under the assumption of minimal change @5) K @ F is inconsistent if and only if" is inconsis-
ordering,(®C'1) holds no matter in what degree the new  tent.
information is believed. However, the postulates” N
and(®C B) heavily depend on how the new irﬁforma)tior@(s) If Cn(F1) = Cn(F2), thenK @ Fy = K ® .
is accepted. We show thabC'N) holds if and only if (27) K @ (Fy UF;) C (K ® Fy) + F».
the new information is accepted and kept in the highest i _
degree of firmness wheredsCB) holds if and only (®8) If F2U(K®F)is consistent, thel @ 1)+ £ ©
if the new information is accepted in the lowest degree K@ (U ).
comparing with the old beliefs. These results provide aprp) K @ F = | N K F.
ontological base for the analysis of the rationality on the FCF F'C;Cn(F)
postulates for iterated belief revision. FCF!

whereK is a belief set.F', Fy, F, are sets of sentences.

Throughout this paper, we consider a propositional laf-C ; F meansF' is a finite subset of".

guageL as the object language. We denote individual The model of set revision is based on the following
sentences inC by A, B, or C, and denote sets of senvariant of epistemic entrenchment.
tences byF',F;, F, etc. If F'is an infinite set of sen- i . .
tences F’ denotes a finite subset &f. If F is a finite set, Deflnlgon ! [1?] Lgt K be a_?ﬁllef.s?etp a_partltlon of
AF means the conjunction of its elements. We shall a[s(-’ ands< a total order ovep. e tripleX = (K, P, <)
sume that the underlying logic includes the classical fir? calleda total-order_ed partition(TOPpf K. For any
order logic with the standard interpretation. The notati € PandA € P, Pis called theankof 4, denoted by

; er - T?A).
Eorrrrfgggrfgiiglgzssﬁz gi)setzrg;g?ri ierlvablllty and the A NOP is called anicely-ordered partition(NOP) if it

satisfies the followind ogical Constraint

2| fact, the ordinal will be interpreted as the strength of disbelief If A1, An + B, then r(B) <
due to technical reason. max{r(A), --,r(4n)}.




It is easy to see that a TOP is nothing but a totd.2 Perfectly-ordered partition

pre-order on belief set. The ordering in an NOP . . .
is essentially the reverse order of epistemic entrenéﬂ-[zo]’ Zhanget al. introduced a special kind of nice-

ment(EE). Logical Constraint here is the combination 8]rdered partition in which the partition is well-ordered.

EE2) and (EE3)[7]. (EE5) d t satisfied by NOP.

( ) and ( - ( ) does not satisfied by ﬂafinitionS [20] A nicely-ordered partition> =
,P, <) is called gperfectly-ordered partitiofPOP) if

< is a well-order or?. An NOP-based revision function

B%aPOP—based revisioif it is generated by a perfectly-
ordered partition.

Therefore NOP is weaker version of EE (see more det
about the relationship between NOP and EE in [22]).

With the notion of NOP, a set revision operator can
constructed as follows:

Definition 2 [19] Let ¥ = (K,P, <) be a NOP of a Mapping a sentence to a natural number or an ordinal
belief setK’. Define a revision functiom® as follows: for is one of the traditional ways to rank beliefs. Applying

any setF’ of sentences, logical constraint on the mapping to make it to be an
i). If FU K is consistent, thedl ® F' = K + F; epistemic entrenchment ordering has been also exploited

otherwise, in [17][18]. However, the ordering we use here should
ii). B € K® I ifand only if there existsA € K such be differentiated from the ways to map possible worlds
that F' - - A and to ordinals[16] or to map Spohn’s system of spheres

0 ordinals[15] since the underlying ontologies are

VO EK((AF C& Fi~C) = (r(CVB) <r(C) Orf Cls\{dg §icantly different even though they might be inter-

(1) convertible.

® is called arNOP-based revision.

It has been shown in [22] that set revision operator  The following lemmas show the logical properties of a
satisfies the nine postulates if and only if it is a NORPOP.
based revisioh
Lemma 2 LetX = (K, P, <) be a POP and the ordi-

. . .. nal type of<. LetP, = {A € K : r(A) = a}. Let

BLa
Now we consider iterated operations in the setting of mulosed.
tiple belief revision. Firstly, let's consider the relationship Conversely, let be a function mapping a belief sat
between the additional postulates. to an ordinaln. If, foranya < n, {A € K : r(A) < a}
is logically closed, them determines a POP ovéx'.

3.1 Relationship of iterated revision postu-

lates Lemma 3 Let ® be a revision function generated by a

POPX = (K, P, <). For any setf’ of sentences, FUK
The following lemma shows the relationship between tfiginconsistent, thel? € K ® F'if and only if there exists
postulates for iterated revision and AGM postulates. a sentencel € K such thatF" - -A and

Lemmal Let ® be a revision function that satisfies b(AV B) < Py, or- AV B
(®1)-(®6). Then

i). (®C1)implies ®7) and (®8).
ii). (2CB)implies ®C1) and (C2). 3.3 Minimal change of belief degrees

iii). (®CN) implies @C1), (2C3) and (C4). The theory of belief revision is dominated by the princi-
Due to the relationship we will concentrate on the poBle of minimal change. Such minimal change should not

tulate (®C1), (®CB) and (®CN) only in the sequent mean the change in cardinality of belief sets but mean the

of the paper. We will examine the conditions when tHéange of epistemic states: belief sets and associated de-

postulates hold. First, let's find an ontology where the§éees of beliefs. Such a distinction is not essential in one
conditions can be stated. shot revision but becomes crucial in iterated revisions. An

3 — . . . iterated revision operation should be viewed as a function
The original representation theorem was given for contraction op-,

erator. The representation result for revision operator can be easily With three inpUts thelief set, new informatign, ordering
tained by using Levi Identity. over the belief s¢tand two outputsriiew belief set, new

whereP,,;, = min{r(A): A€ K & F+ -A}.




ordering. The change of the ordering during revisionpadt  TwO Radical Strategies of Accept-
tially determines the relationship between one step revi- ;
sion and iterated revision. Therefore different philosophy Ing New Information

of minimal change of ordering leads to different postyye naye seen that, provided the change of belief degrees
Iate_s for |te_rated rgv!3|on[2][13]._Th_e foIIow[ng definitiong minimal, (2C1) holds no matter where the new infor-
depicts an instantiation of the principle of minimal Chan%ation is inserted. However, the strategy to accept new

that the ordering on beliefs should keep unchanged unlgss i ation significantly affects the result of iterated re-
it violates the Logical Constraint. vision. In this section, we consider two radical strategies

of accepting new information: extreme cases that new in-
Definition 4 Let® be arevision function based on a POformation is accepted in absolute affirmative and in ex-
¥ = (K, P, <) andn be the order type oP. For any set treme suspicion. The following theorem deals with the
F of sentences and an ordina) define a POREf = first case.

(K @ F,PFhe, <) overK @ F as follows: . ,
Theorem 2 Let ® be a revision function based on POP

Y = (K,P,<) and ®p, the revision function based on
¥’s minimal changef+<, If o = 0 and Py C Cn(F)),
{ P;nN(K®F), if 3 <then we have
F.« .
(Cn(P<g UF) N K@ FNP, otherV\(g%N) If F; U F, is consistent(K ® F}) @p, Fy =
whereP-5 = |J P,andPly = (J PIe. K (FUR).
v<B

<B =
7= The theorem shows thdteCN') holds if new infor-
mation is always accepted in the top level of firmness(no
weaker than any old beliefs). Surprisingly, the condition
is not only sufficient but also necessary except for some
3. For anyPﬁFﬂ, P e phe, define: limit cases. It is not hard to verify th&a&C N) holds for
any « if one of the following conditions is true:

1. For any$ < max{n,a + 1},

Fa _
Pﬁ =

2. Letpha = {Pg’” : 8 < max{n,a+ 1}}.

Py <P preifand onlyif 3 < v 1. Fy = Cn(0);

2. Py U F; is inconsistent;
Fo - .
F\;\;edzaIIZ the minimal change oE with respect to 3. there isf such thatP< s — Cn(F}).

By excluding these limit cases we have

The iqtuition b'ehind.the definition is that if we acceﬂf’roposition 11f F, # Cn(0), P, U F, is consistent
_the newmformatlorF_ with _the degree of, F'and its Iog-_ and P, # Cn(F)), then that(®CN) implies P-, C
ical consequence witK” will be merged to the old parti- Cn(F,). -
tion in the way that the ordering of partition will keep un-
change except the belief degree of sofe F’s logical Therefore, only if the new information is accepted in
consequence could be higher because them are enhatitedevel higher than any other old informatiq®C N )
by new information. is satisfied.

The following theorem shows that under the assump-Next we consider another extreme strategy of inserting
tion of minimal change of POPC1) holds no matter in New information:the new information is accepted in the
what degree the new information is accepted. lowest degree

o ) Theorem 3 Let® be a revision function based on a POP
Theorem 1 Let® be a revision function based on a POR, _ (K, P, <) with ordinal typen. Let®p, be the revi-
) ) . 1

¥ = (K,P,<). Let®r, be the revision function basedsiy, fynction based on the minimal charigB- of . If
on a minimal chang&:* of ¥. Then we have a > n, then

(®C1) (K@ F)®p (MUR)=K® (FUF). (®CB) If F, U (K ® Fy) is inconsistent, thefK ®
F))®p Fo = KQ® Fs.

Corollary 1 (®1)-(®6) and (L P) are consistent with  The necessary condition fop(CB) is presented in the
(®C1). following proposition.



Proposition 2 If F; ¢ K, then(®CB) implies K @ verify thatP satisfy the logical constraint]
F, C PEe,

- Proof of Lemma 3: Suppose thaf’ U K is inconsistent.
Therefore to satisfy®C B), new information should be Then{r(A) : A ¢ K andF - —A} is nonempty. Since
accepted in the lowest degree unless it has been incluge well-ordered, there must be a minimuy,;., in the
in the belief set. set.

Now assume thaB € K ® F'. According to Definition
. . . 2, there existsly € K such thatF' + -4, and
5 Conclusion and Discussion 0 0
. . K((Ap + FE= B ~CvVvB
In this paper we have presented a model-theoretical anavlg- €K((AFC& €)= (r(CVB) <r(C) (z;) CVB))
sis of several typical postulates for iterated belief revisi : . _ _ I
in the setting of multiple belief revision. The model w(eghppose that(A;) = Pin and I? = 24, Let A =

. . ; . tAO V A;. ThenF' = —A. By using Equation 2, we obtain
use in the paper is one of the typical ways to rank beller AV B) < r(A)or - AV B, thatis,r(AV B) <
assigning beliefs to ordinals. We have shown that Das- or - AV B ' '

wiche and Pearl’s po_st_ulat(@(]l) requ,lres the chang_e Conversely, assume thate &, F - ~A and
of orderings to be minimal. It doesn't put any restric-

tions on the way to rank new information. However, as b(AV B) < Py OF- AV B
the strengthening af2C1), Boutilier's postulatd ©C B) e

implies that new information should be accepted in the- 4y B, then obviouslyB € K ® F. Otherwise, for any
lowest degree of belief whereas Nayekal's postulate ¢ ¢ i if F - —-C andA F C, thenr(C) > P Thus
(®CN) requires that new information should be acceptegc V B) < r(AV B) < P, < r(C). By Definition 1

in highest level of firmness. These results provide an e conclude thaB € K @ F. [
tological base for the analysis of rationality of postulates
for iterated belief revision. Proof of Theorem 1: In the case thatF; U F») U K or

As a side-product, we have proved that all the posttF1 U F2) U (K ® Fy) is consistent, the result is straight-
lates discussed in the paper are consistent with Zhdagvard. Thus we assume that bdth; U F,) U K and
and Foo’s postulates for multiple revision. Thereford” U F») U (K ® I) are inconsistent. Let
the multiple revision framework can be strengthened by P2i-" = min{r(A): A € K & FUF, F —A} = 3,
choosing some of the postulates. Since the AGM postu-P1 2 = min{r'(A) : A€ K@ F, & L UF, I
lates and Darwiche and Pearl’s postulate”'1) have re- —A} =,
ceived strong ontological support and are most intuitivigherer and+! is the rank with respect t& and 2,
A framework that consists of these postulates would kgspectively. Then there existyy € K such thatF; U
most applicable. Zhanet al. used the framework in the f, - -4, andr(Ay) = 3. Similarly, there exists; €
construction of mutual revision functions and negotiatioRr @ F, such thatf; U F» + —A; and ri(A;) = 1.
functions[23], which provides another ontology of itettet A = A, v A;. ThenF, U F, + —A, A € K and
ated belief revision. A € K ® Fy. By the minimality of P£12"> and PE10E
we know thatr(A) = 3 andr!(4) = .

Next we prove@ = ~. On one hand, sincel €
K N (K ® Fy), by the construction of minimal change,
rt(4) < r(A). Thusy < B. On the other hand,
r'(A) = yimplies thatd € P/**. HenceP<,UF, + A.
It follows that there exists a finite subsEt of F; such
that P<., = —(AF}) vV A. Thereforer(=(AFy) Vv A) < 7.
SinceF,UF, - (AF))A-Aand—(AF;)VA € K, by the
minimality of 3 we haver(—~(AFy) v A) > 3. Therefore
we obtain thaps < r(—~(AFy) vV A) < 4, thatis,3 < 7.
Proof of Lemma 2: For the first part of the lemma, as- Now we prove thal K @ F}) @p, (FLUF) = K®
sumeA € Cn(P<,). Then there exist;,---, A, € (F, UF,). AssumethaB € (K ® F}) @p, (F} U F).
P<, such that4,,---, A, + A. By Logical Constraint, Then there existel, € K ® F; such that?; U Fy - — A,
max{r(4), --,r(4,)} <r(A). Therefored € P<,. and

For the second part of the lemma, et= {P, : a <
n}, whereP, = {A € K : 7(A) = a}. ltis easy to r(Ay Vv B) < PEYT2 or - A, v B,

min®

Proofs of Theorems

Proof of Lemma 1: i). For (7), K ® (F1 U Fy) =
(K® F1)®p (MUF) C (K@ F)+ (FLUF,) =
(K®F)+F,. To show ®8), assume that, U(K®F} ) is
consistent. TheQK @ Fy)+Fy = (KQF)+(F1UF) =
(K ® Fl) (29 (Fl U Fg) =K® (Fl U FQ).

i) and ii) are straightforward.



If - AoV B, then—A; - B. ThereforeB € K®(F,UFy). follows thatP<s U Fy = A’V B. Since(Fy U Fp) UK
If r'(A2 vV B) < PEUT2 letrl(A, v B) = 6. Then is inconsistent, there exists a finite subggtof 7} and
P<s U Fy = Ay v B. It follows that there exists a finitefinite subsetF, such that-(AF;) V —(AFz) € K and
subsetF; of Fy such thatP<; = ~(AFy) V Ay V B. Let P<s = =(AFy) Vv A’V B. Hencer(=(AFy) V =(AFy) V

L = =(AFy) V Ay V A, where A was defined above. A’ v B) < 4. Sinced < PE2 =~ < g = phivF:

min® min
Thereforer (4} v B) < 0 < Pyiol* = PR, Since we yieldr(~(AF,) v ~(AFy) v A’V B) < PECF:. By
Ay € K andFy U F, F - A5, by Lemma 3, we yield that | emma 3 we obtain thaB € K ® (Fy U F).
B € K@(FyUF,). We have provedK @ F1) ®p, (F1U  To prove thatk @ (F,UF,) C (K®F, )@, Fs, assume
) CK® (U F). thatB € K @ (F} U Fy). Then there existd” € K such
For the other direction, assume thate K ® (F1UF2). thatF, U F, - —A” and

Then there existd; € K such thatF; U F, - -Az and

r(A"V B) < PIYF2 or - 4" v B (4)

min

r(A3V B) < PP or - A3 v B.
) . If = A”V B, thenFy UF, F B. It follows that there exists

The case 85; Az V Biis obvious. In the case of( A3 V4 finite subsef?, of F, such that+(AFy) € K ® Fy and

B) < P, °, let Ay = A3V A, whereA was defined r, 1 —(AF,)v B. By the assumed special construction of

that SinceF; U F; is consistent and®, C Cn(Fy), PR2, o >
_ 7,
P (A4VB) < r(AyVB) < r(AsVB) < PUR — Pﬂﬁgo' Thereforer! (~(AF;) V B) < P, 2, .. By Lemma 3
we haveB € K ® Fy ®p, Fb.

By Lemma 3, we yield thaB € (K ® F}) ®p, (F; UF,).  In the case ofr(A” v B) < PL™. SinceF; U

ThereforeK @ (FLUF,) C (K ® Fy)®p, (FLUF,). 0 Fy = —A”, there exists a finite subsét, of I, such
that =(AFy) € K ® Fy and Fy + —(AF)) v A”.
Then we have'l(=(AF}) v A”) = 0. It follows that
ri(=(AF}) v A” v B) = 0. By the same argument above,
we conclude thaB € K ® F; @p, Fy. O

Proof of Theorem 2: For sufficiency, assume thak; U
F>) U K is consistent. The(K ® Fy) ®p, Fo» = (K +
Fi)+F,=K+(F1UF) = KQ(FLUFR). If FhU(K®
Fy) is consistent(K ® Fy) ®@p, F» = (K ® Fy) + Fb.
By (®7) and(c8), we know that the result holds. Thugroof of Proposition 1: Assume thatd € P<, and
we can safely assume that bath, U F5) UK andF, U 4 & Cn(F1). Suppose thaP<, ¢ Cn(Fi). Then
(K ® Fy) are inconsistent. Let there existsB € Cn(F;) such thatB ¢ P<,. Let

PEYE — min{r(A): FUFRF-AandAc K} = 2 = {-A Vv -B}. SinceP<, U F; is consistent, we

have P! = min{r(A): A€ K& Fy - A} > a. It

pPr: o =min{r'(A): F, - ~AandA € K ® Fi} = follows thatr(4) < a < Ph . ThusA € K ® Fy. On

v the other hand, sincB € K @ (Fy UFy), (RCN) implies
wherer andr! is the rank over and K ® Fy, respec- thatB € (K@ F1) ®p, Fo = (K® F1) ®@p, {7AV -B}.
tively. If - (A A B)V B, we have- B, which contradicts

By PI1YUF2 — 3 we know that there isly € K such B ¢ P-,. Thereforer' (A A B)V B) < r'(A A B),
that F; U Fy + —Ap andr(Ag) = 8. Similarly, from thatis,r!(B) < r*(4 A B), orr'(B) < r!(A), which
P =, thereisAd; € K ® Fy such thatF, - -4, also contradict® ¢ P<,. 0
andrl(4;) = 7.

By (A1) = v, we know thatP., U F; + A;. Then Proof of Theorem 3: Let Pf,‘:ﬁn@ = min{r'(4) : FIx -
there exists a finite subséy of F; such that-(AF;) v —-AandA € K ® F1} = v. Then there exists a sentence
A, € K(sinced, € K ® Fy) andP<, +- =(AF1)V Ay, A € K ® Fy such thatFy, - —Ag andr!(Ag) = 4.
Thusr(=(AF;) V A;) < 7. On the other handy, U F} - First we assume thaf, U K is inconsistent. Let
(AFy) A—A,. By the minimality of 3, r(—~(AF1)VA;) > PE = min{r(A) : F» - ~AandA € K} = (. Then
(8. Therefore we have < . there exists a sentencé;, € K such thatF, - —A;

We are now ready to prove thall ® F}) ®p, F» C andr(A;) = 5. Let A = Ay v A;. ThenA €
K ® (Fy U Fy). Suppose thaB € (K ® F1) ®p, Fo. KN (K ® Fy) = K © Fy. Itis not difficult to show that
Then there existel’ € K ® F; such thatfy - -4’ and 3 = r(A4;) = r(A) = r*(A) = r!(4y) = 7. Therefore

pf: — pfe
min min®@
r'(A'VB)< P2 or -AVB (3)  Assume thai3 € K ® F,. Then there existsl, € K
If - A’V B, Fy - B. ThusB € K ® (Fy U ). If SUch thatfz - =4z and
¥ A’V B, letr'(A' v B) = 6. ThenA’ v B € P;"°. It r(A2V B) < PE or F A,V B



If - AV B, thenB € (K ® F1) ®p F,. Otherwise, [4] A.Darwiche and J. Pearl, On the Logic of Iterated Be-
r(As vV B) < PE> . Let A’ = Ay Vv A,. ltfollows that lief Revision, Proceedings of the fifth Conference on
A’ € K & Fy andF, - —A’. By the construction of the  Theoretical Aspects of Reasoning about Knowledge,
minimal change;!(A’ v B) = r(A’V B) < r(Ay V 5-23, 1994.

B) < Pl: =Pk . ThusB € (K ® F1) ®p, F>. SO

K®F C(K®F)®F F. [5] A. Darwiche and J. Pearl, On the logic of iterated be-
Conversely, Assume th@ ¢ (K ® F}) ®p, F». Then lief revision, Artificial Intelligence 89:1-29, 1997.

there existsd; € K ® F; such thatt, - -A3 and ) ) o
[6] N. Friedman and J. Y. Halpern, Belief revision: A

r'(A3V B) < P _or - A;v B critique. INKR'96,421-431, 1996.

min®
The case of- A v B is trivial. So we only consider the[7] P. GardenforsKnowledge in Flux: Modeling the Dy-

other case. Letl” = A; v As. By using the similar * “amics of Epistemic State@he MIT Press), 1988.
argument above, we can obtathe K ® F,. Therefore

(K@ F)®F ;=K F. [8] P. Gardenfors, Belief revision: an introduction, in: P.
Now let's consider the case tha} U K is consistent.  Gardenfors edBelief RevisiorfCambridge University

GivenB € K ® I, = K + Fy, there exists a finite subset Press, Cambridge), 1-28, 1992.

F, of F» such that~(AFy) € K ® Fy and—(AFy) V

B € K. Thus—(AFy) V B € K © Fy, which implies [9] S. Konieczny and R. P. Perez, A framework for iter-

ri(~(AF) VB) <n<a=P2 . ThusB € (K © ated revisionJournal of Applied Non-Classical Logics

F1) ®p, F». Conversely, ifB € (K © F1) ®p, F», there 10(3-4), 339-367, 2000.

existsA, € K ® F; such thatF, - -A4 and ) o )
[10] D. Lehmann, Belief revision, revised, Proc. 14th

r'(AsVB) <P o or - AV B Int. Joint Conf. on Artificial IntelligencglJCAI'95),

Then A, v B ¢ K o F, C K. Thus 15341540, 1995.

BeK+h=KenU [11] W. Li, A logical framework for evolution of spec-

. ] Fro ification. in Programming Language and Systems
Proof of Proposition 2: Assume thalk' ® Fy £ P " (ESOP'94), LNCS 788, Springer-Verlag, 394-408,
Then there existsl € K ® Fy such thatd ¢ PZ0%. If 1994.
A ¢ K, then there exists a finite subsit of F; such
that ~(AFy) V A € K. If r(=(AF)) V A) € pfga, [12] S Lindstbm, A semantic approach to nonmonotonic
. reasoning: inference operations and choldppsala

then A € PIL% a contradiction. Therefore we '°¢ ence ope
Prints and Preprints in Philosophy994, No. 10.

can safely assume that € K. Sincel; ¢ K,
there existsB € F; such thatB ¢ K. Thus
Ae K+ {-AVvV-B}=K®{-AV -B}. However, it
is not hard to verify thatl ¢ (K ® F}) ®r, {~AV -~B}.

This contradict§@C'B). [J [14] A. Nayak, N. Foo, M Pagnucco and A. Sattar,
Changing conditional Beliefs unconditionallJARK-
96, 119-135, 1996.

[13] A. Nayak, Iterated belief change based on epistemic
entrenchment:rkentnis41, 353-390,1994.
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